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§1. The identities. It is well known [8], that if tlie two elliptic curves 
=f(x)  and =  g(x), defined over the integers IL are isogenous, then 

for all primes #  2, 3 and not dividing the discriminant of either, the 
character sums 2  ^  (S0^)lp) are equal, where

x(mod p) »<mo«l p)

(•/p) is the Legendre symbol.

In this paper, we use a theorem of Velu [10] to construct isogenies of 
degrees 2 and 3 from suitable elliptic curves and then apply the above 
remark to obtain some identities involving character sums. We then use 
these identities to evaluate certain character sums involving elliptic curves. 
We first give a statement of Vein’s theorem: '

Theorem A (Velu [10]). Let E  be an elliptic curve given by the equation 
jc» +  c, defined over the rationals Q and let F be a

finite subgroup ofE.  Let be the set o f points o fF —{l) (1 the identity o f 
E) o f order 2, R the set o f points o f F—{I}—F^ such that

F - { I ) ~ F ^ = R \ J ~ R , - R C \ R = 4 >

and let S  = Fi U Ji- Let t =  tg, w =  X  («o +  Xotg), where i f
Qes oes

^ x ,  y) is written for + a:^ b x c  — then

8q =  sh =  =  (sS)®.

'"“ I
gQ

m  ifQ  i

where we write Q =  (xq, yg). Let E* be the curve

j f l ^ : f i  +  a x »+( b  — 5 t ) x + ( c - 4 a t - 7 w ) >
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Then the map f i E - ^ E *  given by f :  (x, y) -> (X, Y), where

X = x +  Z  
Qes

h ____L «0 1
X — xq (x — x o Y y

Y = v -  y  4 . Q̂Cy-ya)-SQiQ\
^  c Is  i x - x g y  i

is an isogeny from E  to E* with kernel F. Moreover i f  is any other 
isogenyfrom E  to E ' with kernel f^ =  f ,  then E' and E* are birationally 
equivalent.

The order of the kernel F  is called the degree of the isogeny. The 
construction of the isogenies is affected as follows: Let

E-J^ =  x{x^ + ax +  b) (1)

be an elliptic curve. We know that (0, 0) is a point of E  of order 2.
Let F =  {/, (0, 0)}. By Theorem A, the curve

£*: y> =  x{:)fi -  la x  +  (a® -  46)) (2)
Is isogenous to (1), the isogeny having kernel F. /fence

^  / x ( ^  ax +  ^  -  la x  +  (o° -  4f>))\  3̂^
«(mod p)\ p ) xlmoiP) \ P t

for every, prim ep#2, 3 and not dividing the discriminant 166* (a® — 46).
It is not difficult to see that (3) holds even for =  3 and for primes
/» > 3  that divide the discriminant 166® (a® —46). F o r /> =  3, a direct 
hand calculation gives the result. Forp > Z  dividing the discriminant, 
either p \ b o T p \ a ^  — Ab. In the first case result follows on letting 
a: -► Af — a in the left side of (3). In the second case, letting x -► (x—2a)/4 
gives the result. Hence we get

T heorem 1. For any odd prime p  and integers a, b, the equation (3) 
holds.

Remarks'. 1. A particular case of Theorem 1 (with a =  — 4, 6 =  2) 
was proved by Williams [12]. His proof can be generalized to realise 
Theorem 1 as follows:

+  ox +  6)j  +  b!x +  gj
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where
X = i x  + b!x)

^  2 :  iX iX ^ -2 a X  + a ^ ~ m \
Xlmoi p) \  P  J

as required.

2. The transformation of Remark 1 is precisely the same as that in 
Velu’s tbeorecQ in the present particular case.

So much for the isogeny of degree 2.

Next let E l  j/s =  -f. ax^ +  6a: -f- c be an elliptic curve with c 0.
Then P  =  (0, ^ c )  is a point of E  o f order 3 if and only if A* =  4ac. 
When this is so, we see, by Velu’s theorem that the curve

E*: y ^ ^ x ^  + a : ^ -  9bx ~  (27c +  8o6)

is isogenous to E, the kernel of the isogeny being {/, ±  P}. It follows 
that

/ jgo +  +  c\  / x^ +  -  9bx -  (27c + 8o6\
x ( m ^  j») \  P  . . /  x(mod I  P  )

( 4)
for primes/> 7* 2, 3 and not dividing the discriminant 8(6® — 54 c )̂ of E. 
Here again we shall show that (4) holds for p =  3 and for primes p > 3  
that divide the discriminant 8(6» _  54c®). For p  =  3 a direct hand calcula­
tion gives the result. So let/>(> 3) be a prime that divides the discrimi* 
nant. We have

(i) 6^ s  54c» (mod p), and

(ii) 6* =a 4ac (by hypothesis).
These give

276 =. Sfl* and 27*c =  I6c». (5)

Now le t x - * - ( 3 x — 8a)/27  in the left hand side of (4) and using (5) we 
get the right hand side. Hence we have

T heorem  2. For any odd prime p and integers a, b, c satisfying 6° =  Aaê  
the equation (4) holds.

§ 2. AppHcatfoiis. As our first applicaj^ion, we look at elliptic curves 
with 'Complex multiplication. In addition to the nine elliptic curves Em



defined over the rationals Q, with End E„ equal to the full ring of 
integers of m =  1, 2 ,3 , 7, 11, 19, 43, 67,163, there are exactly
four other curves, defined over Q, whose endomorphism rings are proper 
subrings of the full ring. They are Cy. ^  =  /}(jc) {J == 1, 2,3, 4), where

f x i x )  =  X* — 6a® +  X with End Cj =  2[2i],

f^(x) =  AC® +  6jc® — 3x with End Q  =  2[-v/—3],

f^{x) =  -  42x® -  7x with End C, =  Z[V -7 ] ,

r 3 ( - l  +  V - 3 )
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f^{x) =  -  120JC +  506 with End C4 =  Z

We wish to evaluate the character sums ^  {fj(,x)lp).
*ip)

COROLLATY 1. The character sunt (/i(x)/p)

2a \ fp  =  1(4), ;7 =  flS +  6*. a 3  2 +  0 )  (mod 4),

0 if/» =  3(4).

Proof.

(by Theorem 1)

=  £  +  3 ^  +  2xj

(by letting 1).

Now this last character sum is known ([I], [2], [4], [9]), since =  3^—x  
is the ellptic curve mentioned above. This completes the proof.

C o r o l l a r y  2. The character sum

(2a i f  p m  1(3), /? =  a* +  3A*. fl -  -  1(3),
L ( /a (* ) /p )= '

.0 i /p s 2 ( 3 ) .



SOMBIDBNTITIBS INVOLVING CRARACIBR SUMS AND THBU AFPICATIONLS 129 

Proof.

= z  j

(by Theorem 1)

=  E  j  (by letting )c Ax)

=  Z  '̂) letting x-i- a: +  1).

Hetfc >»® =  jc* +  1 is the elliptic curve and so the above sum is known 
(see [5], [6]). This completes the proof.

C o r o l l a r y  3. The character sum 

i:(A(x)lp)
2c i f ipID =  1, /» =  c» +  7iP, (c/7) = - 1 ,  

,0 i f  (PIT)-----1.

Proof.

=  s  ( £ ± i 5 5 ± i 7 M )

(by Theorem 1)

^ / * » + 21x » + 112jc\,^ ,=  Z  y--------------------j  (by letting x-K 4x).

Here =  +  21*® +  llZx is the curve j?, and so the above sum is
known (see [7]). This completes the proof.

C orollary  4. The character sum

a i fp  3  1(3), Ap = c?+ 27lfi, (a/3) =  iVp),

,0 i f  p ^  2(3).

Proof

(by Jetting ;c-»-x+ 6) 

^  ^  (by Theorem 2)

U fi(x )lp )



=  Z  ( b y  letting x - ^ x - 6 )

=  D  letting jc->- 9x).

This last equation also holds for p  — 3 clearly. Here +  2 is just
and so this last sum is known This completes the proof.

WiUiams [lip , using different techniques, has also obtained certain 
identities and he remarks (on page 297 of [11]) that these identities can 
be used to evalute "Eifjixyp), J =  1, 2, 3.

It is also interesting to evaluate these sums "EXfji^VP) directly using 
the relevant division points and then applying the Frobenius automor­
phism. Poulakis [3] evaluates 51 C/j(*)/P) using this very procedure.

As further applications we now obtain some more identities by applying
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theorem 2  to character sums of the t y p e z (
X* +  ajc® +  bx\

For an arbitrary integer A; 0, we have
^  +  0x8 +  ^  | (jc+ A:)a +  a(x + k Y  +

^ ^  + Ax^ +  Bx +  C>̂

where A ^ Z k - \ - a ,  B=Zk^  +  2ak + b, C = + a k ^ b k ,  so that
=  4AC if and only if 3k* +  4ak^ +  66A;®—6® =  0 , i.e. if and only if 

(6k +  a y —€fi =  3(blk—3k)^ i.e. if and only if k  \ b a n d u  =  6 k + a ,
V =  b jk—3k satisfy the Pellian equation

«»-3v8  =  (5)

Thus for a solution («, v) of (5), satisfying uaa(m od €), k  =  (u—ays, 
b =  k(v + 3k), =  AAC. Let d =  ((</-a)/6, (w+fl)/2). Then «a-fl8=3v*
gives

u — a =  

u + a = :2 k f

V =  2\st

(6)
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for some integers A, t (with X => dr <̂) and conversely for each value of 
X, s, /, the Pellian equation (S) is satisfied by the quantities u, a, v define^ 
by (6). Hence

^  ^  +  XV(3j +  2t)x^

^  +  X f +  2 x °^ /(j -I- t)x  +  XV(J +  0 ^

(on letting +
^  ^  +  xr»;c«- 18XVf(j +  t)x-\H Zl:^is +  pa +  165»f»(j -|> f))j

(by Theorem 2)
^  +  X(9̂ a +  \2st +  +  XM3j +  2f)»xj

(on letting jc -»  a: +  X(3j* +  4^0- 

In  particular, fo r  5 =  I ,  X = —1, we get th e  following 

T heorem  3. For any integer t and odd prime p we have

V  / Jc (x « -(< °-3 )x  +  (2r +  3))\
x(nio3p}\ P  )

=  V  +  I2t +  9)x + (2t +  3)»)\
MOMP) '  /> /

For / =  —2, this gives

£  ^  / x ( jc « + llx - l) \
x(mmlii)\ P  /  x(modj))V P  /

We gather from E. Lehmer, that an ‘elementary’ proof of this is desi­
rable.
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